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A reduced-order model for von Kiarman plates, using a method of quadratic components, is presented in this
paper. The method of quadratic components postulates the full kinematics of the plate as consisting of a combination
of linear and quadratic components. This reduced model is then discretized in space with a Galerkin approximation
and in time with an implicit integration scheme. The plate is coupled with a fluid flowing over it at a supersonic speed
using a quasi-steady pressure model commonly referred to as piston theory. A static loading example is used to
validate the model reduction of the plate with respect to other numerical and approximate solutions. The limit cycles
of the plate coupled with piston theory are calculated via a cyclic method, and the results from parameter studies are
compared to classical results. A previously unexplored regime of the limit cycle amplitudes is investigated; a second,
coexisting, limit cycle is found that yields a discontinuity in the limit cycle amplitudes at a critical dynamic pressure.

Nomenclature

¢, o = normalization coefficients for the reduced-order
and one-term models

D = flexural stiffness of the plate

E = modulus of elasticity of the plate

I fau = vector of applied forces for the expansion method

- and the nth applied force

G, = applied force for the nth degrees of freedom in the
Galerkin discretization

Gm = nmth quadratic basis function for the reduced
model

g = applied external load

h = thickness of the plate

I = identity matrix

i, j, k = unit normal vectors in the x, y, and z directions

K- = stiffness matrix

K = stiffness of the linear plate

LL, = plate length in the flow direction and the cross-
stream direction

M = mass matrix

M = Mach number

m,n,r,s = indices for the expansion terms

N = response of the full model

N = number of expansion terms

P, = matrix of cubic stiffness terms for the nmth degree
of freedom

Prnm = cubic stiffness term for the srnmth degree of
freedom

Ps Poo fluid pressure acting on the plate and in the far field

R = residual error for an implicit integration time step

T = limit cycle period

t = time

Uu,v,w reduced-order model bases for the displacements in
X,y,and z

U, v, w = plate displacement in the x, y, and z directions

w = postulated solution to the nonlinear equations

X = direction of the fluid flow (in-plane)

Y = nth linear basis function for the reduced model
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in-plane direction orthogonal to the fluid flow
out-of plane direction

vector of expansion coefficients and the nth
expansion coefficient

implicit integration coefficients determined from A
ij component of the internal strain

strain due to the longitudinal deformation for the
one-term approximation

longitudinal strain due to lateral deformation for
the one-term approximation

first time derivative of @ and «,,
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implicit integration coefficient

nondimensional dynamic pressure

speed of sound in the fluid

Poisson ratio of the plate

second time derivative of ¢ and «,,

density of the plate

density of the fluid

nondimensionalized period

fluid velocity

nth basis function

estimation of the expansion coefficients at the next
time step

maximum limit cycle amplitude at x = 3/4L, and
y=1/2L,

limit cycle amplitude for the nth degree of freedom
nth natural frequency of the linearized plate
stiffness for the nth degree of freedom in the
Galerkin discretization
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1. Introduction

S ENGINEERING structures become more complex, the

computational analysis of high fidelity models based on the full
structure becomes prohibitively expensive. Techniques to reduce the
number of degrees of freedom of the models, while preserving all of
the relevant physics, are needed in order to analyze and optimize the
design of complex structures. One approach of model reduction
methods for structures is to first develop a full finite element model,
then use a component mode synthesis approach to significantly
reduce the number of degrees of freedom while incorporating the
essential physics of the system including the nonlinearities [1-4].
Other approaches include the use of a Galerkin approximation based
on the results of a finite element analysis [5] or a hierarchical finite
element method in which the order of the approximating polynomial
is increased, while the mesh size is held constant, which allows for
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meshes with as little as one element for a plate [6,7]. These methods,
however, can not be applied directly to nonlinear problems.

The von Karmadn plate theory considers a class of nonlinear plates
that takes into account in-plane stretching (a membrane nonlinearity)
in the equations of motion and thus allows for the modeling of large
displacements of the plate. A modal expansion solution exists for the
case of a cantilevered von Kdrmdn plate [8], but analytical closed-
form solutions are not available for most other cases with general
boundary conditions. A number of approximate methods exist,
however, that can accurately model von Kédrmdn plates and shells [9].
Approximate methods include finite elements, both spline finite strip
methods [10] and hierarchical finite element methods [6,7],
nonlinear normal modes [11], and assumed displacement fields with
Taylor series expansions in the normal directions [12]. The present
paper seeks to develop a more efficient method in order to make the
analysis of complex problems more practical.

In what follows, von Karman plate theory is employed to model
the structure considered here, a panel on an aircraft or other moving
body. The von Kdrmdn plate is coupled to an adjacent supersonic
flow via a quasi-steady aerodynamic theory commonly referred to as
piston theory. Dowell [13] considered the same problem and used a
Galerkin approximation to model the mode shapes of the plate, while
introducing an additional basis for the membrane motion that was
coupled nonlinearly to the mode shapes through a weighted residuals
technique. Other related aeroelastic problems include the use of a
cylindrical bending assumptions for the plate [13—15], which effec-
tively reduce the problem to that of a beam, and panels in crossflows
subjected to thermal and acoustic loads [16,17].

In the present work, the von Karman plate equations are presented
in Sec. II and are discretized using the method of quadratic
components in Sec. ILA. The advantage of this method is that there
will only be as many degrees of freedom as there are bending modes,
which is significantly fewer degrees of freedom than alternative
approaches. A Galerkin method is then applied in Sec. IL.B to develop
an equation of motion in terms of the modal coefficients, and an
implicit integration scheme for solving the coupled, nonlinear
differential equations developed in the Galerkin discretization is
presented in Sec. I.C. An example to validate the discretization of
the plate’s equation of motion is presented in Sec. IL.D in order to
compare the results from an explicit closed-form solution for the
linear plate to a one-term approximation of the nonlinear plate, a
numerical analysis of the nonlinear plate performed in ABAQUS,
and the present method with five mode shapes for the nonlinear plate.
Finally, in Sec. III, the coupling of the discretized plate with piston
theory is presented. A cyclic method for calculating the limit cycle
amplitudes is described, and a comparison to the results of [13,16—
18] is made. A previously unexplored regime of the limit cycles is
explored in which a second, coexisting limit cycle is shown to cause a
discontinuity in the limit cycle amplitude due to a snap-through
transition from one limit cycle to the next.

II. Von Karman Plate

For thin plates, the out-of-plane displacement w is a function of the
planar coordinates w(x, y, z, t) = w(x, y, t) (where x is the direction
of the fluid flow and y is the in-plane direction orthogonal to the flow)
and time ¢. The plate has length and width L, and L, in the x and y
directions. With the Kirchhoff assumption [19], the internal strains are

ou 1 [0w)?2
3xx—a+§(§) M

v 1 [ow)?2
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1/0v Odu OJwow
Sxy—z(a‘f‘a—y‘f'gg) 3)

Following [19], the equations of motion for a thin plate with a
membrane nonlinearity and thickness /& can be written in terms of the
strains as
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phw,lt + Dv4w =8 + 72 ((gxx + vsyy)W
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with density p, flexural stiffness D = Eh3/(12(1 — v?)), Poisson
ratio v, modulus of elasticity E, and applied external load g. Partial
differentiation with respect to a given variable is denoted by a comma
subscript proceeded by that variable. Substitution of Eqgs. (1-3) into
Eqgs. (4-6) yields the familiar w — u — v formulation [20]:

12D 1
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A. Model Reduction Using Quadratic Components

The approach of the method of quadratic components is to
discretize the equations of motion such that the full nonlinear system
retains only as many degrees of freedom as the number of bending
modes retained. The resulting, discretized equations of motion
require that only one nonlinear system of equations needs to be solved
at each time step when solving for the temporal solution. By compar-
ison, the traditional solution approach employed in aeroelastic
calculations requires that the nonlinear membrane equations, coupled
to the nonlinear bending equation, must be solved simultaneously. A
further advantage of the method of quadratic components is that it
allows for the nonlinear plate problem to be solved with far fewer
degrees of freedom than the alternative approaches presented in the
literature, because there will only be as many degrees of freedom as
there are bending modes.

The method of quadratic components consists of the selection of a
set of basis functions {Qn} appropriate for the linearized equations
and postulating a solution to the nonlinear equation of the form

Wy =Y a,(0¢,x.3) + Y ,(02, ()G, (x.y) (10)

n.m=n

where the G,,,, (x, y) are selected such that the expansion of (10) can
solve a quasi-static version of the governing equation correctly to
within second order in {¢,, }. The «,, are the same variable in both the
linear and quadratic terms because of the coupling between in-plane
and out-of-plane displacements. The full expansion is then substi-
tuted into the dynamic governing differential equations to achieve
nonlinear equations for the {e, }. Usually, butnot always, the {¢ } are
selected to be the eigensolutions to the linearized equations. The
method for solving for the G,,,, (x) is illustrated in the following and is
discussed at length in [21,22].

In the context of the von Kdrman plate equations, the method of
quadratic components begins by identifying the eigenmodes ¢ and
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natural frequencies €2, of the linearized homogeneous equation of
motion:

Xﬁlb) — M(zan) - M(_zan) (18)

4a,,
phw , +DViw =0 (11)

The eigenmodes of the linear plate ¢ are then used to construct an Y,=(4/ 3)X£za) -1/ 3)Xr(1b) (19)
orthogonal set of modal forces { f,,} In the following discussion,

however, the derivation does not necessitate this choice of basis. For

the purpose of expanding the response A of the nonlinear plate, the (@ _ AM (20)
forces B ap
N
fley) = Z; K¢ (x.y) (12) o _ NQa,) + N (20,) on
- = 4o
are applied statically in an arbitrary linear combination to a finite
element model of the nonlinear plate, where K is the stiffness of the .
linear plate. Next, the full kinematics of the plate are postulated as = (4/3)G\) — (1/3)GW) (22)
consisting of a linear component and a quadratic component, and the
response N is numerically calculated using the commercial finite (a)
element code ABAQUS in order to determine the linear and quadratic =
Components of Eq (m) _ M(anv Olm) + M(_anv _am) - M(ana _am) — M(_anv am)
The Taylor series expansion for a multivariate expression centered - 4a,a,,
about the origin is given as (23)
af /dey
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af /day
?f/da;  0*f /000 O*f/dayda, | T
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The response of the structure )V is thus written in terms of the Taylor ()

series up through quadratic terms:

N
W(xv Y, t) = M(alv COTRRR C(N) = Zanzn(xv y)
n=1

N N 1
+ 225 G (%, ) (14)
where
)
Y,(x,y) = a—z 15)
an
and
2
*f
G (x,y) = o Ot (16)

With this nomenclature, the unit normal vectors are denoted as i, j,
and k in the x, y, and z directions, respectively. Note that the time
dependence of Eq. (14) is in terms of the «,,.

The derivatives df/da; and 8°f/d;dc; are calculated via finite
difference approx1mat10ns In what followe third- and fifth-order
finite difference expressions are used; however, higher-order expres-
sions may be used. For each quantity, two low-order finite difference
approximations are constructed and are then used to compose the
higher-order approximation:

Y(u) — M(an) - M(_an)

n

2, (17)

M(zan vzam) +M(_2an ’ _2am) _M(zan ) —20(,") _M(_zan ’ 2am)
1600,

(24)

= (4/3)G — (1/3)G) 25)

The notations N («,) and M («,, @,,) are meant to indicate that the
only nonzero elements of [, oy, ..., ay] are «,, and ¢, and «,,,
respectively. Because Y is the linear component of the expansion, a
converged solution for the coefficients yields that ¥, = c¢® (x,y)
when ¢,(1k) is resolved in the k direction, and c is a constant based on
the normalization method. In practice, the values for « are reduced
until the coefficients have converged. As the basis functions are
computed from these numerical derivatives, higher-order approx-
imations will yield more accurate results.

The large deformation theory of plates manifests a lateral
stiffening due to the membrane stretching, which is captured by a
quadratic coupling in the kinematics. This is a second order coupling
between the membrane strain and the lateral displacements
[19,23,24]. The out-of-plane and in-plane displacements are thus
expressed as

N
wix,y,0) =Y a, (YW (x,y)

n=1

N
=) @Y, (xy) (26
n=1

u(x.y. 1) = Z Z o, (e, (DU (x, y) 27)

n=1 m=
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N n
VY, 1) =YY a0, (VO (x, y) (28)

n=1 m=1

with U™ and V™™ being the components of G,,,, taken in the i and
J directions, respectively. Substitution of Egs. (26-28) into Egs. (8)
and (9) and matching coefficients yields that for each «,t,,,,

2057 + (1 4+ Ve + (1 —vyuly”
2(WWE + WOWEY — (1 4+ )W W
+WEWE) — (=)W WE + WOWE) (29)
and
2V 4 (140U + (1 — )y
S2WYIWE + WEWE) — (1 + v (W W
+ WOWE) — (1= )W WE + WEWED) (30)
Equations (29) and (30) are for the quasi-static in-plane displacement
when the right hand sides are taken as distributed body forces in the i
and j directions, respectively. For any m, n, and appropriate in-plane

boundary conditions, it is possible to solve for U™ and V™ in
terms of W, W and their derivatives.

B. Galerkin Formulation

With U™ and V" known in terms of W, W and their
derivatives, substitution of Eqgs. (26-28) into Eq. (7) yields the N
equations of motion in terms of & (with s € [1,2, ..., N]):

oy phW® + a DVAWE

m’zzz[(aa U 4 S, W ww)( W)

r=1 n=1m
nm 1 n m r
+ o, oW )+( @, VI + S, W, Wy ))(arwsﬁ
+ o,y Wi) + (1= v) (e, US™ + e, VE™

+ o, W, W), W“’] g @31

Contracting both sides with W yields the Galerkin formulation,
which is cubic in «. Because W is proportional to the sth
eigenvector of the linearized problem,

N N N
as‘,tt + wgas + Z Z Z Psrnmaranam = Gy(l) (32)

r=1 n=1 m=1
where
L. [L,
w%z/ / WODVAWS dy dx (33)
0
L, [L,
Gs(t)Z/ / W® g dydx (34)
o Jo
and

p __12D / / W(ﬂ[(U("'ﬂ) +1 W("’W(’"))(W“)
srnm 2
1
oW+ (VI 4 SO O+ oW
+ (1 =@y +vem 4w va"”)wfx} dy dx (35)

In practice, only half of the elements of P need to be calculated
as P, = Py, The corresponding matrix form of Eq. (32) is
written as

QTPWQ

Ta,, + diag(w})a + a=G() (36)

o Py - a"Pyya

Here, I denotes the identity matrix, diag(w?) indicates a diagonal
matrix with nonzero values corresponding to the squares of the
natural frequencies in order of s = 1 to N, and

Puii -+ Pupiw
Po=| @ . (37)
Pale e PabNN

The advantage of this system of coupled, nonlinear differential
equations is that there are only as many degrees of freedom as there
are bending modes. Additionally, no further spatial integrations must
be performed once the coefficients and G(r) are calculated.

C. Implicit Time Integration Method

Solutions of the nonlinear equation (32) for « are available through
power series methods, harmonic balance/Fourier series methods, and
other approximate solutions. However, in order to efficiently account
for an arbitrary applied pressure g, an implicit integration method,
the Hilber—-Hughes-Taylor (HHT) method [25,26], is applied.
Because of the nonlinearities of Eq. (32), the first step in the solution
is to guess a solution at the next time step x = «(#,;). The mass and
stiftness matrices for the system are then defined as

M =1 (38)
and
X' Pux X' Pivx
K (x) = diag(e?) + C. : (39)
X' Pyix X' Pyvx

From the HHT method, with modal acceleration § and modal velocity

g

ME(,11) + (1 + VKQO2(t11) = AK(O@(1,) = Gt1145)
(40)

where

2
lt,) = lt,) + () + S0 [(1 = 2)E00,) + 2Bt )]
(41)

g(tn+1) = g(ln) + Al[(l - V)g(tn) + V§(Ez+1)] (42)

E(typ) =M+ (1 + ALK (O] [Q(tm“)

2
~(a+n 5 a-2mm0 )i

— (1 +MAK@)E(,) — K(pg(tn)] 43)
zn+|+)» = tn+] + )‘At (44)
1—A2
p=— (45)
and
1-2A
y=—5— (46)
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In practice, Eq. (43) is solved via lower/upper (LU) decomposition,
and a typical value for A = —0.05. Next, the residual R = «(7,,,1) —
X is calculated, and the procedure is repeated with a new guess for x
until R — 0. B

D. Static Pressure Validation Example

In Fig. 1, a plate with simply supported conditions at x = 0 and
x=1L, and free boundary conditions at y=0 and y=1L, is
modeled. The material properties are based on aluminum and are
listed in Table 1 along with the geometric properties. Four different
solutions for the displacement of this plate are considered: an explicit
closed-form solution for the linear plate [27], a one-term approxi-
mation for the nonlinear plate, the numerical results calculated using
the ABAQUS software package for the nonlinear plate, and the
nonlinear model discretized in the previous sections using five mode
shapes (i.e., N = 5). The applied pressure in all cases is a constant
uniform pressure with magnitude F.

1. One-Term Approximation

The one-term approximation is developed with the assumption
that the displacement does not vary in y. In this case, the problem is
reduced to that of a beam. The eigenmodes for this problem are

W® (x) = ¢, sin? @7)

X

[ 2
©O=NLpnL,

Taking only the first mode, the equation for the lateral deformation
Ui ig

where

Ul =-wdwl) (48)

Substitution into Eq. (47) yields the in-plane displacement

2 (2
Ui = — goTﬂsin (LLX) 49)

With a lateral deflection of w(x) = a W (x), the longitudinal strain
due to the lateral deformation and the strain of the corresponding
longitudinal displacement are

1 a’m? X
€w=5 wk = Lioh cos? (L—X) (50)
U 2 2mx
=a? = —o? s2| == 51
€, = e a2Lﬁphcog(Lx) S

Combining these two strain components and substituting into the
governing equation yields the one-term approximation for o:

12D\ [ =* 13 Ly
o orecee| (57) (i) G ) | = [ seowves

(52)

Free
Fig. 1 Geometry of the problem considered in the example.

Table 1 System parameters for the comparison with [13]

Variable Value
Plate modulus of elasticity £ 75.378 GPa
Plate thickness h 4.6 mm
Plate length in the downstream direction L, Im
Plate length in the cross-stream direction L, Im
Plate density p 2770 kg/m?
Poisson’s ratio of the plate v 0.33
Mach number M 2

For the present quasi-static problem, solution of Eq. (52) reduces to
determining the roots of a polynomial as g(x) = F is a constant.

2. Results

The results for the four solution methods are shown in Fig. 2 on a
logarithmic plot and Fig. 3 on a linear plot. For pressures below
F =100, all four solutions show good agreement. Above F' = 100,
the linear solution diverges from the three nonlinear solutions. While
the one-term approximation exhibits the stiffening behavior
associated with the von Kdrmdn plate equations, there is a 30%
relative error, with respect to the numerical solution, in the maximum
deflection of the plate for F = 1000, and for the discretization
method presented in the previous sections with N > 3, a 5.0%
relative error is observed with respect to the numerical solution.
Additionally, the present method is found to yield converged results
with only N = 3 modes.

In terms of computational efficiency, the linear and one-term
solutions were both completed in under 1 s. The numerical solution
in ABAQUS with three modes and 2500 elements (a 50 x 50 grid),
the minimum needed for a fully converged solution due to the
nonlinear nature of the problem, required 27.5 min for the entire
loading branch (which included 61 load levels), while the present
method with five modes took 2.65 min using a simplex algorithm
[28] to efficiently minimize the residuals R once the coefficients G,,,,
and Y, had been calculated (this is equivalent to 2.6 s per load step,
including pre- and postprocessing, where most of the computational
time is spent). All simulations were calculated using a single
processor.

III. Fluid-Structure Interaction

With the matrix form of the equation of motion now specified in
terms of one variable in Eq. (36), the fluid model can be introduced
via the forcing function G(¢). The linearized quasi-steady pressure
relationship of piston theory for a flow with speed Y, density p;, and
Mach number M is given as [13]

100 . . . . .

10-6

Maximum Displacement w,,,, m

L

10-8 L L L L
10-8 10-2 10-1 100 101 102 103
Applied Pressure g, Pa

Fig. 2 Log plot of the four solutions to the quasi-static example: the
present method (solid line), numerical results from ABAQUS (dashed
line), the one-term approximation (dotted line), and the explicit linear
solution [27] (dashed—dotted line).
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Fig. 3 Linear plot of the four solutions to the quasi-static example; the
present method (solid line), numerical results from ABAQUS (dashed
line), the one-term approximation (dotted line), and the explicit linear
solution [27] (dashed—dotted line).

p/T M? -2 /OJTZ

+ Vg (53)

P— P =W, ph (M2 — 1)3/2

In terms of the Galerkin formulation (32), the applied force becomes

G.=— | WO(p-— dA=—-¢ 2L =
s / (P — Poo) & o (M — 1)
T oy
S Gr oD | WO s (54)
n=1

To find the amplitudes and periods of the limit cycles excited by
the fluid flow over the plate, a cyclic method similar to [29,30] is
employed, which is similar to numerical continuation [31]. In this
method, the modal amplitudes ¢, and period of vibration for the
system T are sought such that
L =6+T)  §@0)=§0+T)

(55)

a,(t) = a,(t +T)

The period T is found by simulating the response over a time long
enough to include several periods, then choosing the 7 that
minimizes the residuals of Eq. (55). For cases that do not converge
after one simulation, a simplex algorithm is employed to minimize
both T and «,, {,, and &, efficiently. Once T is found, the modal
periods are found by calculating the number of periods for each mode
per period of the system. In practice, once «,,, {,, £,, and T are found
for one value of a parameter being varied, either by a transient
analysis or minimization algorithm, the «,,, ¢,, §,, and T are quickly
found for an adjacent value of the parameter being studied by using
the previous value’s results as an initial guess for the next value.

A. Comparison to Classical Results

For the present analysis, the Mach number is held constant, while
the speed of sound in the fluid p is varied, with the fluid speed

YT =uM (56)
and fluid density
hM
o=t (57)

This allows for the direct comparison to the results of Dowell [13]
and more recent studies [ 16—18]. The relationship between Dowell’s
nondimensionalized nomenclature and the variables in the present
analysis are given for the dynamic pressure and period, respectively:

(= L -
S 2
o e
. —
2 2t e )
=
£ -
< L
<2
[$]
>
2
E
-
a L
el
5]
=
0 L
a)
0.6 T T T T T
0.4 | i
o
(]
©
2 [ 1
)
o
Py
0 . Lt L L L L
400 600 800 1,000
Dynamic Pressure A
b)

Fig. 4 Limit cycle a) amplitudes and b) periods for each mode included
in the analysis as a function of the nondimensional dynamic pressure.
Mode numbers are indicated on the right side of the figure.

2DV M? — 1

| D

The plate is modeled with the material properties of aluminum and
geometrical properties listed in Table 1. In keeping with the analysis
of [13], the first six mode shapes that have no variation in y are used in
what follows. Defining the quantities

A= (58)

Limit Cycle Amplitude ¥

( ot : : :
400 600 800 1,000

Dynamic Pressure A’
Fig. 5 Limit cycle amplitudes for the total plate response atx = 0.75L,
and y = 0.5L, as a function of the nondimensional dynamic pressure for
the present work (e), [13] (O), [18] (*), [16] using rectangular (CJ) and
triangular (A) elements, and [17] (x).
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Limit Cycle Amplitudes, ¥

L

500 1000 1500 2000
Dynamic Pressure, A’

Fig. 6 Limit cycle amplitudes for the total plate response atx = 0.75L,
and y = 0.5L, as a function of the nondimensional dynamic pressure.
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Fig. 7 Modal phase portraits for a) A* =575, b) A* =957, and
¢) A* = 1280; shown are modes 1 (dashed—dotted line), 2 (dashed line), 3
(dotted line), and 4 (solid line).

the modal limit cycle amplitudes ¥, and periods t are calculated as a
function of A* and are shown in Fig. 4. Below the onset of flutter, the ¢
do not converge to any particular limit cycle period as the modal
amplitudes are approximately zero. Above the onset of flutter,
though, the t are convergent to the same value for all modes at a given
A* as the plate undergoes forced vibration. The mode number for
each modal limit cycle amplitude is indicated on the right side of
Fig. 4a. While the modal coefficient for the first mode «; is higher
than the other five modes, the product och(f) is greater for modes 2
through 4.

The onset of flutter for the primary limit cycle occurs at A* = 525.
Between A* = 480 and the onset of the primary limit cycle, a second
(nonzero) limit cycle was observed with an amplitude that is 8 orders
of magnitude below the limit cycle amplitudes reported here. The
present analysis is compared to the results of [13] in Fig. 5. The onset
of flutter predicted by [13] occurs 4% higher (at A* &~ 545) than in the
present method. Overall there is good agreement between the two
models, though there is some discrepancy at lower values of A*.

The more recent analyses [16—18] of the same system are also
compared to the results of the model developed in this paper and [13]
in Fig. 5. Each of these analyses uses a finite element method; [16], in
particular, studies two types of elements, a rectangular element and a
higher-order discrete Kirchhoff theory triangular element, and also
takes into account thermal effects. While the simulation results using
the rectangular element have higher agreement with [13] near the
onset of flutter, the triangular element is shown to have higher
agreement than the rectangular element for A* > 600. A triangular
element with the same number of degrees of freedom is also
employed in the finite element analysis performed in [18], but the
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Fig. 8 Modal phase portraits for a) A* = 1370, b) A* = 1650, and
¢) A* = 2150; shown are modes 1 (dashed—dotted line), 2 (dashed line), 3
(dotted line), and 4 (solid line).
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predicted limit cycle amplitudes with this element are appreciably
below those predicted in [16]. The finite element analysis of [17] uses
a rectangular four-node Bogner-Fox—Schmidt C' conforming
element. The relative difference between [13,17] is greater than any
of the other studies reported, but the modeling of [17] also takes into
account acoustical and thermal loading. By contrast, the present
analysis develops a reduced-order model that incorporates higher-
order effects for the entire plate, which is a much more computa-
tionally efficient approach (in terms of degrees of freedom required)
than what is reported in the literature, and it does not sacrifice
accuracy.

For all results shown in Fig. 5, the disagreement is highest at the
onset of flutter, but the results tend to converge to those of the present
model away from onset. The analysis of [18], in particular, is shown
to converge to the same limit cycle amplitude as A* increases, and the
most recent study [17] is shown to be consistently higher than all
other reported results. Possible variance between [13] and the present
method includes [13] reporting values that had converged to within
5% of the N — oo solution, which could account for all of the
variance for A > 560. Second, and to a lesser extent than the previous
explanation, the values from [13,16—18] were interpolated from plots
using electronic copies of the original papers. Overall, though, there
is reasonable agreement between the methods.

B. Discontinuity in the Limit Cycle Amplitudes

In the previous studies [13,16-18], no results for dynamic
pressures above A* = 1200 are reported for this set of parameters. In
Fig. 6, the limit cycle amplitudes are calculated for dynamic pres-
sures up to A* = 2200. At A* = 1281, a discontinuity is observed in
the limit cycle amplitude. This discontinuity is attributable to a snap-
through transition of the fourth mode, as seen in the phase portraits in
Figs. 7 and 8. As A* increases to 1281, the phase portrait of the fourth
mode develops two distinct lobes (Fig. 7c). AtA* = 1281, the section
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Fig. 9 Phase as a function of the nondimensional dynamic pressure
relative to the first mode for the a) second mode, b) third mode, and
¢) fourth mode.

between the two lobes coincides for both the upper and lower halves
of the phase portrait. As aresult, subsequent phase portraits show that
the motion has transitioned to an entirely new shape (Fig. 8a).
Coupling between the modes results in the ovular shape of the phase
portraits for modes one through three becoming more oblique. This is
especially prominent for the third mode.

As A* is further increased, the phase portraits for all modes
gradually return to an ovular shape. The phases of these mode shapes,
relative to the first mode, are shown in Fig. 9. Between the onset of
flutter and A* = 1281, the phases of the limit cycles are shown to be
steady; however, at the critical value A* = 1281, the phases of modes
two through four are shown to change 180° with respect to the first
mode’s phase. Above A* = 1281, the phases transition back to their
values before the discontinuity in order of mode number, which
corresponds to the rate at which the phase portraits for each mode
transitions back to an ovular shape (Fig. 7). Note that if the limit cycle
amplitude curve below A* = 1281 in Fig. 6 is projected out to
A* = 2200, it represents an asymptote that the limit cycle amplitudes
above A* = 1281 approach.

This new set of coexisting limit cycle phase portraits that give rise
to the discontinuity in the limit cycle amplitude has not been
previously reported. Because of the reduced limit cycle amplitude
above A* = 1281, the results indicate that when operation in high-
limit-cycle-amplitude regimes is unavoidable, the limit cycle
amplitude may be able to be attenuated by increasing a system
parameter such that a higher limit cycle regime is engaged. Because
the limit cycles on either side of A* = 1281 have their own unique
character, it suggests that these limit cycles could be used as bases for
the nonlinear analysis of similar problems.

IV. Conclusions

A reduced-order model for von Kdrmén plates is developed in this
paper and discretized in both space by a Galerkin approximation and
time with an implicit integration scheme. The model developed here
is both more computationally efficient (with respect to degrees of
freedom required) and as accurate as the other models described in
the literature. The reduced-order model of the von Karman plate is
subsequently validated using a numerical analysis for the case of a
static plate, and by comparison to the classic results of [13] for the
case of a plate under quasi-steady pressure fluid flow. In the sequel to
this paper, the model will be further extended to the case of a full fluid
flow. The primary results and contributions of this paper are as
follows:

1) The full kinematics of a von Kdrman plate can be postulated as
consisting of both linear and quadratic components. These are found
by first identifying the eigenmodes and natural frequencies of the
linear plate, then using them in a multivariate expansion to find the
response of the nonlinear plate.

2) The advantage of the method developed is that it requires only
as many degrees of freedom as there are bending modes, which is far
fewer degrees of freedom than other methods in the literature,
making it a more practical approach to studying problems involving
nonlinear plates.

3) The method is validated for a plate with a uniform load using
both numerical and classical results, and it is shown that the
computational time required for it is significantly less than that of
other numerical methods.

4) The application of the model developed in this paper to the
problem of quasi-steady fluid flow shows that the predicted results
are in good agreement with results previously reportedin [13,16-18].

5) A critical nondimensional dynamic pressure is shown to exist, at
which a snap-through occurs in the shape of the phase portraits. This
yields a discontinuity in the limit cycle amplitudes that has not been
previously investigated.
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